With application of nonlinear theory, this paper makes study on the long-term competition in a recycling price game model by manufacturers and retailers. The paper makes analysis on the local stability of the Nash equilibrium point and gives the corresponding stable region. It has been found that the stability of the whole system would be significantly impacted by the following factors which include adjustment speed of the recycling price, the proportion of recycled products by channels, the sensitivity of consumers for the recycling price, and the price cross-elasticity between two channels. By means of the simulation technology, the complexity of the recycling price in the system in the long-term competition has been demonstrated. Owing to the change of parameters, bifurcation, chaos, and other phenomena would appear in the system. When the system is becoming chaotic, the profit of the whole system decreased. All these show that the operational efficiency for the whole system will be impaired by the chaos. Effective chaotic control of the system will be realized by the use of the parameter adaptation method.
Introduction
The natural environmental pollution caused by industrial development for centuries has been spreading for decades. With increase of people's environmental awareness, the reverse supply chain based on recycling and remanufacturing of recycled products has become more increasingly necessary.
Some scholars have conducted extensive research on relevant problems about close-loop supply chain: selection of recollection channels, selection of sales channels, pricing and coordination, net designing, and so on. There mainly exist two categories of research: the first one is product competition, that is, the competition between new products and remanufactured products for the same manufacturer; the second one is the competition of members in the supply chain, that is, the competition between the manufacturer and the remanufacturer for the same product. Savaskan et al. [1, 2] and Chuang et al. [3] established a closed-loop supply chain model which includes three types of recycling led, respectively, by the producer, the retailer, and the thirdparty. They also make study on the pricing strategies and performance-comparison analysis for each member. Ferrer et al. [4, 5] made study on the pricing decisions of competitive closed-loop supply chains between manufacturers and remanufacturers. Karakayal et al. [6] made research on the decontamination and recycling operations of waste products in the consumer durables industry. Models were established to make argumentation on (1) the optimal recycling price of waste products and the optimal retailing price of recycled products in the consumer durables industry and (2) on the ways in which coordination could be realized to keep the recovery rate at the similar level in both centralized and decentralized decision-making circumstances. Analysis has been made on the specific time when OEM is more willing to outsource the process of recycling or disposing of used products. On the basis of relevant data in the Japanese automarket Kumar et al. constructed a closed-loop supply chain model and made predication on the relationship between vehicle recycling and disposal. Adda et al. [7] made comparison on the advantages and disadvantages of the three pricing strategies and revealed the impacts of product durability, consumer composition, product life cycle, and 2 Complexity recycling revenue on the optimal pricing and "trade-in" discounts. Ma et al. [8] discussed the impact of government "trade-in" subsidies on consumers, manufacturers, retailers, and size of closed-loop supply chains in the two-channel closed-loop supply chain system. Huang et al. [9] discussed a closed-loop supply chain for dual recycling channels: that is, in the forward logistics, the manufacturer sells products through the retailer, while, in the reverse logistics, the retailer and the third party compete simultaneously to collect waste products. They also made comparison on the optimal strategies in both dual recycling channel and single recycling channel (including the retailer or the third party) with the result that the parameter domain of the competitive strength was deducted when the dual recycling channel was superior to the single recycling channel, respectively, from the perspectives of both the manufacturer and the consumer. Zu et al. [10] established a three-tier supply chain consisting of one manufacturer, one retailer, and two recyclers for the purpose of discussing how different cooperative strategy structures could affect the decision-making of closed-loop supply chains. It turns out that the cooperation strategy could create the win-win situation, improve the profit of the partners, and realize the higher efficiency from the perspective of the entire supply chain. Furthermore, they conducted research on cooperative games and noncooperative games (manufacturer-led), supplied the optimal strategy in these two cases, and compared the results with those mentioned in the literature [2] , which have provided a theoretical basis for the choice of recycling channels by the decision-makers. With the rapid development of modern communication technology, the direct-to-consumers retail industry in the circulation terminal has experienced a dramatic change. Large-scaled supermarkets such as Wal-Mart and Carrefour occupy a large share of the consumer goods market, while large-scaled electrical retailers such as Gome and Suning (with their branches across the country) have been in the position of monopoly in the home appliance sales market. The supply chain will be greatly impacted by the retailers. It has been of great necessity to study the relevant issues about the supply chain led by retailers. Maiti et al. [11] also have proved that when retailers are the market leaders, greater profits will be available to all members in the channel. Under the condition of retailers being in the leading market position, as the market leaders many scholars have established a hybrid recycling channel model in which recycling was made jointly by manufacturers and retailers, discussed the optimal strategy for the recycling by both the retailers-led manufacturers and retailers in the hybrid recycling model, and finally made analysis on the relationship between decision-making by the channel members and recycling price.
The economic system, with people being involved in, is a complex and open system with information feedback capabilities. For a nonlinear system, its subsystems, when they are being combined, will not have a simple linear additive effect on the whole system; they will be mutually coupled which makes the system produce a qualitative change and show the nature and characteristics that the original subsystem does not have. Research on the oligopoly game model and its complexity has attracted attention of scholars for many years. In an oligarch competition, the firms are either output or price setters; see the studies by Cournot [12] and Bertrand [13] . Theocharis [14] found a classic conclusion that, under discrete time scales and static expectations, the equilibrium of a single product oligopoly with linear price and cost functions, without any product differentiation, will be asymptotically stable if and only if it is a duopoly. Rand [15] found that, in the game of the Cournot model, the result of the oligopolistic game may not converge to the Nash equilibrium point but produce a periodic solution or a chaotic solution. Since then a large number of scholars carried out further research and improvement on the Cournot model, introduced bounded rationality and incomplete information into the model, and studied its complex behavior. On the basis of the classical Cournot model, Puu et al. [16, 17] made study on the yield adjustment process under the equal elastic demand function and obtained similar conclusions. Bischi et al. [18, 19] studied the Cournot game model which is bounded with rationality and also made research on the influence of output adjustment speed on the system stability with analysis on the critical curve and the attraction domain of Nash equilibrium point. Agiza et al. [20] made study on the problem of chaotic synchronization in the Cournot model. They assumed the existence of two identical competitors in the model, studied the mapping symmetry of this model, and found complex dynamic behaviors in the model. With study on the nonlinear cost and introduction of the bounded rational expectation, Ahmed et al. [21, 22] improved the demand function on the basis of which the duopoly game model was to be established and then the duopoly model would be extended to the multidimensional model. It could be concluded that when the game party makes adjustments to the market too fast, the system would present the complex phenomena such as bifurcation and chaos. Elsadany [23] made introduction of delayed decision-making into the Cournot model. They found that the introduction of appropriate delay strategies could make the system more stable without changing the Nash equilibrium point for the whole system. Some scholars have also made the study on supply chain competition by using nonlinear dynamics theory. Li et al. [24, 25] and Li et al. [26, 27] studied the long-term price competition in the multichannel supply chain and found complex phenomena such as bifurcation and chaos. Ma et al. [28, 29] studied the chaotic phenomenon in the closed-loop supply chain and performed effective chaotic control for the system. For many economic management systems, chaos is detrimental to the system operation. Therefore, effective methods should be employed for suppressing chaos in accordance with the characteristics of the system itself. Many scholars proposed a variety of methods for chaos controlling, such as OGY method, controlling method for variable feedback, and controlling method for delayed feedback. At present, two methods are mainly employed for chaos control [30, 31] :
(1) The modification of the parameters is used to control the chaotic system; (2) the modification of the variables for the system state is used to suppress the chaos occurrence. The OGY method [32] was the first method proposed to suppress the chaos occurrence. Subsequently, many scholars have proposed a series of chaotic control methods, such as method for perturbation of parameter cycle [33] , OPF control method [34] , and control method for continuous feedback [35] . In recent years, a new supply chain model and its synchronization behavior have been applied to modeling and analyzing the chaotic behavior in supply chain networks, such as control and synchronization of chaotic supply chains using intelligent approaches [36] and synchronization and control of chaos in supply chain management [37] .
Based on the previous research, for the recycling price this paper established a game model consisting of only one manufacturer and one retailer. Under the circumstances of not fully obtaining market information for the manufacturers and retailers, this paper studied the influence of various parameters on the stability of the system by using the pricing strategy of limited rationality and evaluated the operational performance of the system by taking the system profit as the index.
The structure of the paper is as follows: in the second part, we constructed the corresponding model and made analysis on each parameter; in the third part, the local stability of the Nash equilibrium point has been analyzed; in the fourth part, the characteristics of the system in the long-term competition process would be discussed with the means of simulation technology, and relevant performance evaluation would be performed; Finally, in the fifth part, the conclusions of the paper would be achieved.
Problem Description and Model Construction

Model Description.
Nowadays, many manufacturers, in addition to their own recycling work, also require retailers to carry out recycling work in the process of sales. This is mainly because retailers are much closer to the market and consumers that it is more conducive for recycling process. On the other hand, only those large retailers have the advantage of recycling, and their recycling amounts of used products might be unmatched by those small-scaled and fragmented retailers. Therefore, these retailers involved in recycling could have great oligopoly superiority in a recycling market. For example, in the home appliance market, Gome and Suning are two traditional large retailers whose market shares in sales and recycling could be unmatched by other small home appliances. The structure of supply chain is as shown in Figure 1 .
Symbol
Description. represents amount of the used products that the consumer is willing to recycle under the condition that the price is zero; to a certain extent this reflected the consumer's environmental awareness.
represents the proportion of products that the retailer is willing to recycle; this indicates the convenience of the recycling channel and reflects consumer's recognition of the recycling channel.
, , respectively, represent the recycling prices of both the manufacturer and the retailer.
, , respectively, represent the recycling amounts of both the manufacturer and the retailer.
represents the sensitivity of the consumer to the recycling price.
reflects the price cross-elasticity between the two channels.
, , respectively, reflect the unit cost of the manufacturer and the retailer.
, represent amount of the government's recycling subsidies distributed to the manufacturer and retailer for each unit of recycled products.
Model Construction.
We assume that in reality the manufacturer and the retailer would recycle used products together. According to the Bertrand game model, the amount of recycled products is relevant to the recycling price; when there exists more than one recycling company, the amount of recycled products will also be related to the recycling channels and prices offered by other retailers. This could be shown by using a model as follows:
The model shows that when the retailer in one channel raises the price, the amounts of recycled products will increase. The profits of the manufacturer and the retailer can be indicated as
From formula (2) we could see that the marginal profits for the manufacturer and the retailer could be, respectively, concluded as
From formula (3) it could be concluded that
The game between the manufacturer and the retailer is a long-term and continuous process. Their relationship could not be adjusted to the optimal position by only game playing.
Complexity
The price competition between them is a long-term, repeated, and dynamic process with complexity. In reality, the market information obtained by the retailer is often incomplete for the reason that obtaining more market information obviously requires more costs. In many cases, owing to the distorted and asymmetrical information, perfect information would be rare even if great efforts have been put into the market investigation. We assume that both the manufacturer and the retailer will adopt expectations of bounded rationality. This indicates that the retailer's price decision in the next period relies on a local estimate of the marginal utility for the current period. If the marginal utility is positive in this period, the retailer will raise the price of the next period; if the marginal utility is negative, the retailer will lower the price of the next period. The dynamic adjustment process is as follows:
Analysis on Complexity of Market Game
Market Equilibrium Point.
According to the definition of "fixed point," in system (5), we can get four equilibrium solutions of the system through the formula ( + 1) = ( ), ( = , )
According to the value range of the parameters, we know that these four equilibrium points are nonnegative and they have their particularly economic significance. Among them,
Analysis on Stability of Nash Equilibrium
Point. Jacobian matrix for system (5) is as follows:
Similarly, the equilibrium point 4 is substituted into (7), and we get its Jacobian matrix as
Among them,
Its corresponding characteristic equation is 2 + + = 0, from which we know A and B, respectively, correspond to the rank and the trace in the characteristic equation ( 4 ). Among them,
We got this here: ℎ 3 = ℎ 1 ℎ 2 − 2 * * . According to Jury's condition for equilibrium point stability, we obtain the necessary and sufficient conditions for the local stability of the Nash equilibrium point 4 :
According to judgment condition for stability of the Nash equilibrium point, in the case of any two conditions being satisfied, the violation of the other one will cause complex dynamic behaviours for the system.
(1) At that time when 1 = 0, the system would generate Fold points. (2) At that time when 2 = 0, the system will produce Flip points. (3) When 3 = 0, the system will generate Neimark-Sacker distribution.
We put and into the judgment condition (11) for stability, and we can get
At this time, condition (12) defines a stable region for Nash equalization point 4 in the ( 1 , 2 ) plane, and 4 is locally asymptotically stable in the area described in condition (12) . Once the value for 1 , 2 exceeds this range, the Nash equilibrium point 4 will become unstable. This shows that, for both the network manufacturer and the retailer, when they continue to speed up the price adjustment in order to obtain greater profits, the market competition will become disorderly.
From the perspective of our actual competition, we could give economic significance to the stability of the four equilibrium points in the market. (1) When the Nash equilibrium point is at 1 , prices for both the manufacturer Complexity   5 and the retailer will be at zero point, which means that, in the recycling market, neither manufacturers nor retailers have recycled products. When recycling can generate revenue, such a market equilibrium is obviously unstable or even impossible, so the system is unstable at this point 1 . (2) When the Nash equilibrium point is at 2 , 3 , the manufacturer and the retailer would be in the similar situations; that is, only one oligarchy is operating, and another oligarchic retailer withdraws from competition. This seldom exists in reality even if there are great market potentials and huge profits. So the system is also unstable at these two points. (3) When the Nash equilibrium point is at 4 , it means that the marginal profit for the manufacturer and the retailer would be zero, both parties will realize their respective profits maximization at this point, the market would be in equilibrium, and its stability is subject to condition (12).
Numerical Simulation
We try to know the relationship between various factors in the model by means of numerical simulation for better understanding of the dynamic characteristics in market competition. On the basis of actual competitive situation, we hold a view that it is more convenient for the retailer to recycle products at lower costs than the manufacturer. 
The Relationship between the Stability of the Equilibrium
Point and the System Parameters. According to the judgment condition (12), Figure 2 shows the stable region for Nash equilibrium point 4 with respect to the price adjustment speeds 1 , 2 . When the values for price adjustment speed 1 , 2 falls within the area in the chart, regardless of the retailer's initial pricing, the final result of the long-term game will stabilize the price of the two retailers at the Nash equilibrium point. Figure 3 shows the impact of different proportions of recycled products from different channels on the stability domain of the system. As can be seen from Figure 3 , when s=0.3 it means that more products are recycled from the manufacturer, and the retailer would adopt a relatively fierce price competition strategy for its certain competitive advantage. This relatively frequent price adjustment will maintain the system in stability. It is the same case: when s=0.9, more products are to be recycled from the retailer and the manufacturer will gain more opportunities for price adjustment.
By the means of 2-D Bifurcation diagram we make analysis on the types of system bifurcation, the periodic behavior of the solution, and the path leading to chaos. Firstly, we use the adjustment factor of price input as the bifurcation parameter. Figure 4 shows the two-dimensional bifurcation diagram of the system. Brown area is used to represent the stability domain of the system that is called 1-cycle solution, light blue area for 2-cycle solution domain, red area for 3-cycle solution domain, dark blue area for 4-cycle solution domain, black area for 5-cycle solution domain, yellow area for 6-cycle solution domain, and purple area for 7-cycle solution domain; pink area indicates 8-cycle solution domain, gray area indicates chaotic region of the system, and white area indicates that system variables overflow with no meaning. Figure 4 shows that the faster the price adjustment speed is (that is, the more frequent the price adjustment is), the more unstable the whole system will be, and the market will be prone to chaos. Figure 4 shows that the system can enter into chaos situation in two ways: one way is to go toward chaos through the double-cycle bifurcation channel composed with those areas which would be represented by light blue, dark blue, and pink; this way is also called flip bifurcation; the second way toward chaos is to go through odd cycle which is composed with areas represented by red and black. From Figure 4 we can also find intermittent odd cycle points. Figure 5 shows a two-dimensional bifurcation which indicates the relation between the consumer's sensitivity to the recycling price and the manufacturer's recycling price adjustment rate 1 . From Figure 5 we can conclude that the more sensitive the consumer is to the recycling price, the more unstable the system will be. Figure 6 shows a twodimensional bifurcation diagram which shows the relation between the price cross-elasticity among channels and adjustment rate 1 for the manufacturer's recycling price. tells us that when the consumer is more sensitive to price differences between channels, the system will become more unstable. In the same way, when the consumer is more sensitive to price factors, for the aspect of the manufacturer, the strategic space for increasing competitive advantage through price adjustment will become smaller. These three factors, which include the degree of the consumer's sensitivity to the recycling price, the price cross-elasticity between channels, and the regularities of adjustment speed 2 for the retailer's recycling price, have been similar to those in Figures 5 and 6 . In this aspect further statements would be unnecessary. For the purpose of further analysis on the dynamics of the system, the influences of parameters on attractors' basin of attraction will be studied through the critical curves. LC (critical curves) is defined as the locus of points which have two (or even more) coincident rank-1 preimages. These preimages are located on a set and are called LC −1 . LC can subdivide the plane into different regions in accordance with the number of their preimage (see [Puu,1996] for more details); LC −1 belongs to the points where the value of Jacobian determinant is 0.
System (5) gives definition of the representation and we could get the conclusion like = ( −1 ). In reality the price should be nonnegative; that is, , > 0, so we could define one feasible zone: Figure 7 shows basin of attraction of the attractor (equilibrium point) when 1 = 0.1, 2 = 0.1, where the gray region satisfies the condition that, along with it, its one-step iteration also belongs to R 1 when red lines are LC −1 and black lines are LC (the same below). From Figure 7 , we know that the one-step iteration of gray region is surrounded by LC and coordinate axes; then it belongs to the gray region and the gray region is trapping set. Moreover, the simulations show that there is no coexisting attractor and the gray region is the feasible basin of attraction. Figure 8 shows basin of attraction of the attractor (equilibrium point) when 1 = 0.4, 2 = 0.1. By comparing Figures 7 and 8 , we find that when 1 increases, the basin of attraction will decrease in the direction of and make no change in the direction of with reduction of the entire basin of attraction. At the same time, we notice that when 1 increases, the Nash equilibrium point of the system will change from one to another attracting domain, which is also called a singular attractor. This is the feature which indicates that the whole system will enter into chaos.
Chaotic Characteristics of Market Competition.
For better understanding of market competition behaviors after the system has entered into chaos, we will make analysis on the complexity of the long-term game for system (5) by using these analysis tools for chaotic characteristics; these tools include price bifurcation diagram, chaotic attractor, and initial value sensitivity. Figure 9 shows the bifurcation diagram of the system along with changes of manufacturer price adjustment 1 . From Figure 9 , we can conclude that when the manufacturer's price adjustment speed is low, the system will be stable at the Nash equilibrium point (3.253, 3.413). However, as the manufacturer' price adjustment 1 continues to increase, pricing will get the bifurcation for the first time at the point where 1 = 0.299, and two equilibrium solutions would also emerge. Furthermore, when 1 = 0.374 the pricing will enter into the quadruple-cycled bifurcation and then enter into the eight-fold cycle, and eventually the entire competition system will become chaotic. Figure 9 shows us clearly that when the system is chaotic, the pricing for both the manufacturer and the retailer will become very difficult because it would be hard and difficult for them to determine their optimal pricing in accordance with the conditions of the competitors and the market competitions.
Singular attractor, the result of interaction between the overall stability and local instability of the system, is another feature of system chaos. It has self-similarity and a fractal structure. Figure 10 shows us the formation of these singular attractors in this model.
When the system is in the chaotic state, any changes of the initial value will have a greater impact on the result, even if these changes are very tiny and small. That is to say, the evolution result of the system has an extremely sensitive dependence on the initial value, which is the socalled Butterfly Effect. The red lines area in Figure 11 indicates that when 1 = 0.1 (that is to say, the system being in a steady state), the price is changing along with the time. The blue lines area indicates that when 1 = 0.42 (that is to say, the system being in a chaotic state), the price will make changes along with the time. We can clearly see that, compared with that pricing in the stable situation for the system, the pricing decision will become uncertain, disordered, and unpredictable with the system being in chaotic situation. Figure 12 shows the evolution of the manufacturer's recycling price with time changes when the system is in chaos (when 1 = 0.42) and the manufacturer's initial pricing is 1 and 1.01, respectively. We can see that even if the initial value is only slightly different, when the time goes on, the process for price competition will become quite different through a long period of evolution.
Influence of Chaos on System
Performance. Figure 13 makes comparison for the profit changes along with the time when the system is in the steady state and the chaotic state, respectively. We find that when the system is in a stable state, the price competition can be stabilized to the Nash equilibrium point after a finite number of games playing. At this point, each retailer's profit will be stable; while when the system is in a chaotic state, the retailer's profit changes will become disordered. Clearly this is the situation neither manufacturers nor retailers would expect. Table 1 shows us the average profit of the retailer in different periods. We can see that when the system has changed from the stable period into the chaos state through the stages of bifurcations of double cycle, quadruple cycle, and octuple cycle, the overall profit of the market would have dropped down. This indicates that chaos breaks the order of the market and causes the loss of the operational efficiency for the entire economic system.
Chaos Control.
From the above analysis, we can learn that, in the complex price competition, the market equilibrium is only a short-term process in which many changeable factors are involved. For example, when the retailer speeds up price adjustments, the market will change from the stable state to chaotic one. Once the market enters into chaos, neither the manufacturer nor the retailer could predict the market competition, the pricing will become disordered, and the market will not achieve an effective equilibrium. The above analysis also shows that the retailer would get lower profits in this state than in the balanced state. In the actual market competition, retailers will adopt various competition strategies for profit maximization after longterm price games. Price competition is their favorite and most frequently used competition method, while excessive price competition would easily lead to inefficiency and disorder for the market and bring losses to retailers. Therefore, it is very important to take timely control measures for the market's returning to a stable equilibrium.
The method of parameter adaptation is employed to control the system effectively (see the study by Huang [30, 38] ) to control system (5). We assume that the original dynamical system is ( + 1) = 1 ( ( ), ( )), and adaptive adjustment mechanism is employed to control the recycling price. The governing equations are as follows:
In the control system (16), K is the adjusting parameter. We notice that when K=0, system (16) would degenerate into the uncontrolled system (5). As we can see from Figure 14 , when different values for the control parameter K are chosen, the system will get controlled. When control parameter K is equal to 0.65, that is, = 0.65, no matter what 1 is, the system will be controlled in the double cycle; when K is equal to 0.7, that is, = 0.7, the system will be completely controlled in a stable orbit. Figure 15 shows the system price changes together with the control parameter K when the system is already in a chaotic state. From Figure 15 , we can see that when K = 0.29, the chaotic system will be recontrolled at the equilibrium point. For better understanding of the controlling effect of the control parameter K, Figure 16 gives the variations of the even price with changes of different control parameters K. We found that when K = 0.32, after a period of game playing, the fluctuations of the recycling price will decrease and the price will return to a stable state. In the real market, the control parameter K can be regarded as an external interference of the government in the recycling price. When the market is led to the chaotic state because of the realization of profit maximization from the manufacturer and the retailer, the government will make effective interference in price competition. From another perspective, the control parameters K could also be regarded as some kind of the retailer's learning for the market and the performance of its own self-adaptive ability. When the retailer gets the awareness of the market chaos which will bring great damages to his profits, he will take the initiatives to make his own price adjustment on the basis of market information analysis.
Conclusion
In this paper, for the study of the long-term competitive behaviour of the manufacturer and retailer in the process of recycling products, we established one recycling price game model which consists of one manufacturer and one retailer. Analysis was made on the stability of the equilibrium point in the game model with the result that three unstable bounded equilibrium points and a Nash equilibrium point with local stability have been founded. The stability conditions of the Nash equilibrium point have got deeper research. The complexity behaviour of the system is studied by using bifurcation diagram, maximum Lyapunov exponent diagram, chaotic attractor, and power spectrum. Finally, we make effective control of the chaotic behaviours in the system by the application of the control method for variable feedback. Through the research we can get the following conclusions:
(1) System stability depends on the value of each parameter. When the adjustment speed for the recycling price is too fast, the system will show periodic bifurcation and chaos.
(2) Consumers' differences for recycling prices and prices differences between channels will have an impact on the system stability. Studies have shown that the more sensitive consumers are to the price factors, the much smaller the system's stability space will become. Price adjustment, also referring to the adjustment of price competition strategy for advantages, whether or not being employed by the manufacturers or retailers, will bring the market into chaos. (3) We find that when the recycling price is kept stable at the Nash equilibrium point, the system would realize its highest performance (that means profit maximization). When the system is in periodic bifurcation or chaotic state, even the extremely small price changes could cause the great fluctuations in market evolution behaviours and in the event lead to profit losses for the whole system.
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